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Abstract
Mantel’s Theorem asserts that a simple n vertex graph with more than 14n
2
edges has a triangle (three mutually adjacent vertices). Here we consider a
rainbow variant of this problem. We prove that whenever G1, G2, G3 are simple
graphs on a common set of n vertices and |E(Gi)| > (26−2
√
7
81 )n
2 ≈ 0.2557n2
for 1 ≤ i ≤ 3, then there exist distinct vertices v1, v2, v3 so that (working with
the indices modulo 3) we have vivi+1 ∈ E(Gi) for 1 ≤ i ≤ 3. We provide an
example to show this bound is best possible. This also answers a question of
Diwan and Mubayi. We include a new short proof of Mantel’s Theorem we
obtained as a byproduct.
1 Introduction
Throughout we shall assume that all graphs are simple. For a positive integer r
we let Kr denote a complete graph on r vertices and we let Kr,r denote a balanced
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Figure 1: Graphs G1, G2, G3 on V = A∪B ∪C, with edges of
G1, G2, G3 depicted by colors red, green and blue respectively.
complete bipartite graph with r vertices in each part. A triangle in a graph G is a
subgraph isomorphic to K3. The starting point for this work is the following classical
theorem, one of the first results in extremal graph theory.
Theorem 1.1 (Mantel [7]). If G is a graph on n vertices with |E(G)| > 1
4
n2, then
G contains a triangle.
To see that this bound is best possible, observe that when n is even, the complete
bipartite graph Kn
2
,n
2
has n
2
4
edges but no triangle.
In this article we consider a colourful variant of the above. Let G1, G2, G3 be
three graphs on a common vertex set V and think of each graph as having edges
of a distinct colour. Define a rainbow triangle to be three vertices v1, v2, v3 ∈ V so
that vivi+1 ∈ E(Gi) (where the indices are treated modulo 3). We will be interested
in determining how many edges force the existence of a rainbow triangle. Is it true
that if |E(Gi)| > 14n2 for 1 ≤ i ≤ 3, then there exists a rainbow triangle? By taking
G1 = G2 = G3 we return to the setting of Mantel’s Theorem. In general, however,
the answer to the former question is negative, as shown by the following construction.
Let n be an integer and let 0 < t < 1
2
have the property that tn is an integer.
Let V be a set of n vertices, and partition V into {A,B,C} where |B| = |C| = tn
and |A| = (1 − 2t)n. Construct three graphs G1, G2, G3 on V as follows: Let G1
consist of a clique on A plus a clique on B, let G2 consist of a clique on A plus a
clique on C, and let G3 consist of all edges except for those with both ends in A (see
Figure 1). A simple check reveals that there is no rainbow triangle for this triple of
graphs. Furthermore |E(G1)| = |E(G2)| =
(
n−2tn
2
)
+
(
tn
2
)
= 2−8t+10t
2
4
n2 − 1−t
2
n while
|E(G3)| =
(
n
2
)− (n−2tn
2
)
= 8t−8t
2
4
n2 − tn.
2
It is easy to verify that 2 − 8t + 10t2 > 1 and 8t − 8t2 > 1 whenever t satisfies
1
2
− 1
2
√
2
< 0.147 < t < .155 <
2−
√
3/2
5
. Thus, for sufficiently large n and 0.147 < t <
0.155, there are graphs G1, G2, G3 on a common set of n vertices without a rainbow
triangle that satisfy |E(Gi)| > 14n2 for 1 ≤ i ≤ 3. However, a slight increase in the
number of edges forces the occurence of a rainbow triangle. Throughout the paper
we fix the value τ = 4−
√
7
9
, so τ 2 ≈ 0.0226, and 1+τ2
4
= 26−2
√
7
81
≈ 0.2557.
Theorem 1.2. Let G1, G2, G3 be graphs on a common set of n vertices. If |E(Gi)| >
1+τ2
4
n2 for 1 ≤ i ≤ 3, then there exists a rainbow triangle.
Only after finishing the paper we have learned about work of A. Diwan and
D. Mubayi [5] (see also https://faculty.math.illinois.edu/~west/regs/turancol.
html). They consider two-colored variants of Tura´n’s theorem, prove a couple of
them and pose a problem about three-colored version of Mantel’s theorem. Thus,
the above theorem is an asymptotically tight solution to their problem.
Theorem 1.2 is sharp in the sense that τ 2 cannot be replaced by a smaller constant.
To see this, note that t = τ is the unique solution to the quadratic equation 2− 8t+
10t2 = 8t−8t2 with 0 < t < 1
2
. For this number τ both sides of this quadratic equation
are equal to 1 + τ 2. It follows by the construction showed above (taking n large and
t close to τ) that for every  > 0 there exist simple graphs G1, G2, G3 on a common
set of n vertices without a rainbow triangle that satisfy |E(Gi)| > (1+τ24 − )n2 for
1 ≤ i ≤ 3.
We were also able to use some of the ideas in our proof to obtain a new short proof
of Mantel’s Theorem. We include this proof at the beginning of the main section
since it provides a nice example of a technique later used to prove Theorem 1.2.
Since τ 2 is not rational, there does not exist a graph G with |V (G)| = n and
|E(G)| = 1+τ2
4
n2, and thus there is no finite tight example for our problem. This
inconvenience is removed in the setting of graph limits and graphons: a growing
sequence constructed as in the previous paragraph would converge to three graphons,
each with density 1+τ
2
2
and without a rainbow triangle. In this setting, Razborov’s
flag algebra machinery may give an alternative proof of our result, and be useful in
extending it. Indeed, a flag-algebra proof has already been obtained (independently
from us) by E. Culver, B. Lidicky´, F. Pfender, and J. Volec [3]. To further explore this
area of “rainbow extremal graph theory” each approach has its pluses and minuses,
ours has the advantage of being verifiable by hand. We suggest some potential
interesting directions to proceed with the following problems.
Problem 1.3. For what real numbers α1, α2, α3 > 0 is it true that every triple of
graphs G1, G2, G3 satisfying |E(Gi)| > αin2 must have a rainbow triangle?
3
Tura´n’s Theorem generalizes Mantel’s Theorem by proving that for every integer
r ≥ 2, a simple n vertex graph with more than (1− 1
r−1)
n2
2
edges has a Kr subgraph.
Analogously, one may consider the following.
Problem 1.4. For every positive integer r, what is the smallest real number δr so that
whenever G1, . . . , G(r2)
are graphs on a common set of n vertices with |E(Gi)| ≥ δrn2
for every 1 ≤ i ≤ (r
2
)
there exists a rainbow Kr, i.e., a set of r vertices and one edge
from each Gi that together form a clique on this set of vertices.
We can also consider this problem for the number of graphs (colours) being dif-
ferent from
(
r
2
)
, with appropriately modified notion of “rainbow”. For r = 3 and
more than three graphs the answer is δr = 1/4 (J. Volec [8]). When the number of
graphs is less than
(
r
2
)
, one can study the existence of other colour patterns. For
r = 3 and two graphs a problem with such a flavor was considered in [4].
We will finish this section by a sample of other results and conjectures that
can be described as rainbow. Perhaps historically first is a result of Ba´ra´ny [2] in
combinatorial geometry. He obtained a rainbow (also termed colourful) version of
Carathe´odory theorem; see also [6].
More recent, and closer to our present topic, is the study of rainbow Erdo˝s-Ko-
Rado theorems. Let us use f(n, r, k) to denote the EKR number – the smallest m
such that every r-uniform hypergraph with n vertices and m edges has a matching
of size k. (Recall that the classical Erdo˝s-Ko-Rado theorem states that f(n, r, 2) =(
n−1
r−1
)
whenever n ≥ 2r.) Aharoni and Howard [1] conjecture the following rainbow
version:
Conjecture 1.5 (Aharoni, Howard). Let H1, . . . , Hk be r-uniform hypergraphs on
the same set of n vertices, each having f(n, r, k) hyperedges. Then there is a rainbow
matching: a matching {e1, . . . , ek} such that ei ∈ E(Hi) for i = 1, . . . , k.
In [1] this conjecture is discussed for hypergraphs that are balanced r-partite
and it is proved there with this restriction for r = 3. We finish with a conjecture
motivated by Dirac’s condition for hamiltonicity.
Conjecture 1.6 (Aharoni). Given graphs G1, . . . , Gn on the same vertex set of
size n, each having degrees at least n/2, there exists a rainbow Hamilton cycle: a
cycle with edge-set {e1, . . . , en} such that ei ∈ E(Gi) for i = 1, . . . , n.
2 Proof
A key idea in the proof of Theorem 1.2 will be to analyze the structure of the
subgraphs induced by pairs of edges in a matching of a graph. We can use a similar
4
(but simpler) approach to obtain a short proof of Mantel’s Theorem.
Lemma 2.1. Let G be a graph and P be the set of pairs of distinct vertices {x, y} ⊆
V (G) such that N(x) ∩ N(y) 6= ∅. If M is a maximal matching in G, then |P | ≥
|E(G)| − |M |.
Proof. Let M = {e1, e2, . . . , ek} be a maximal matching of G. Since M is maximal,
we know that every edge e ∈ E(G) has at least one endpoint in common with an
edge of M . For e ∈ E(G)\M , let s(e) be the smallest integer such that e∩ es(e) 6= ∅,
and take f(e) = e4es(e). It is easy to see that f : E(G) \M → P is an injective
function, and the result follows.
Proof of Theorem 1.1. Let G be a triangle-free graph and M a maximum matching
of G. Since G has no triangles then |P | + |E(G)| ≤ (n
2
)
, and by Lemma 2.1 we
have |E(G)| − 1
2
n ≤ |E(G)| − |M | ≤ |P |. By combining these inequalities, we get
2 |E(G)| ≤ (n
2
)
+ 1
2
n, and so |E(G)| ≤ 1
4
n2.
There are a great many proofs of Mantel’s Theorem and we borrow ideas from
a few. In particular, the following lemma we require is a variant of an “entropy
minimizing” proof. For a graph G and a set X ⊆ V (G) we let G[X] denote the
subgraph of G induced on X and we let eG(X) = |E(G[X])|. If Y ⊆ V (G) satisfies
X ∩ Y = ∅ we let eG(X, Y ) = |{xy ∈ E(G) | x ∈ X and y ∈ Y }|. As usual, if the
graph G is clear from context, we drop the subscript G.
Lemma 2.2. Let G be a graph and let {Z0, Z1} be a partition of V (G). If for i = 0, 1,
every z ∈ Zi has the property that N(z) ∩ Z1−i is a clique, then
e(Z0, Z1) ≤ e(Z0) + e(Z1) + 12 (|Z0|+ |Z1|) .
Proof. We say that two vertices z, z′ ∈ Zi are clones if they have the same closed
neighbourhood, N [z] = N [z′]. Observe that being a clone is an equivalence relation.
Now, assume (for a contradiction) that the lemma is false, and choose a counterex-
ample G so that
(1) e(Z0, Z1)− e(Z0)− e(Z1) is maximum.
(2) The total number of pairs of vertices that are clones is maximum (subj. to (1)).
Let w′, w′′ ∈ Zi be adjacent and consider the graph G′ (G′′) obtained from G by
deleting w′ (w′′) and adding a new vertex and making it a clone of w′′ (w′). It is
immediate from this construction that both G′ and G′′ satisfy the condition that
N(z)∩Z1−j is a clique for every j = 0, 1 and z ∈ Zj. If one of G′ or G′′ is superior to
5
the original graph G for the first optimization criterion (1) we have a contradiction.
It follows that all three graphs G, G′, and G′′ are tied relative to this criteria. If w′
and w′′ are not clones, then one of G′ or G′′ is superior to G relative to the second
optimization criterion (2). Note: If x, y ∈ Z1−i are clones in G, then they are also
clones in G′ and in G′′. It follows that w′ and w′′ must be clones. We conclude that
the graph G is a disjoint union of complete graphs. Consider a component H of G
with |V (H)∩Z0| = ` and |V (H)∩Z1| = m. In this case the sets C = E(H)∩E(Z0, Z1)
and D = E(H) \ C satisfy
|D| − |C| =
(
`
2
)
+
(
m
2
)
− `m = 1
2
(`−m)2 − `+m
2
≥ − `+m
2
and the lemma follows by summing these inequalities over each component.
Any counterexample to Theorem 1.2 would immediately imply the existence of
large counterexamples by way of “blowing up” vertices. More precisely, suppose
that G1, G2, G3 contradict the theorem, and let k be a positive integer. Now replace
every vertex v by a set Xv consisting of k isolated vertices, and for each graph
Gi, replace every edge uv by all possible edges between the sets Xu and Xv. This
operation magnifies the number of vertices by a factor of k and the number of edges
in each Gi by a factor of k
2, and thus yields another counterexample. Moreover, if
min1≤i≤3
|E(Gi)|
n2
− 1+τ2
4
=  then this property will also be preserved. So, the resulting
graph on kn vertices will exceed the bound by k2n2 edges ( is positive, as τ 2 is
irrational). The condition in Theorem 1.2 implies |E(Gi)|+ |E(Gj)| ≥ 1+τ22 n2 for all
1 ≤ i < j ≤ 3. Hence, by the above observation, to prove Theorem 1.2 it suffices to
establish the following result.
Lemma 2.3. Let G1, G2, G3 be graphs on a common set V of n ≥ 1 vertices. If
|E(Gi)|+ |E(Gj)| ≥ 1+τ22 n2 + 32n
holds for every 1 ≤ i < j ≤ 3, then there exists a rainbow triangle.
Note that the statement of the above lemma replaces a bound on the number of
edges in each graph Gi by a bound on the sum of the number of edges in any two such
graphs. This adjustment will allow us to forbid certain types of induced subgraphs
of a possible minimal counterexample, as demonstrated by Lemma 2.4 below.
To proceed, we need some further notation. For the remainder of this article
we will be focusing on the proof of Lemma 2.3, so we will always have three graphs
G1, G2, G3 on a common set of vertices V . Abbreviating our usual notation, if X ⊆ V
6
and 1 ≤ i ≤ 3 we will let ei(X) = eGi(X) and we define e(X) = e1(X) + e2(X) +
e3(X). Similarly, if Y ⊆ V is disjoint from X, then we let ei(X, Y ) = eGi(X, Y ) and
we define e(X, Y ) = e1(X, Y ) + e2(X, Y ) + e3(X, Y ). We also let Ei = E(Gi).
Lemma 2.4. A counterexample to Lemma 2.3 with n minimum does not contain a
proper nonempty set of vertices X for which Gi[X] has a perfect matching for all
1 ≤ i ≤ 3.
Proof. Let G1, G2, G3 be a minimal counterexample to Lemma 2.3. Suppose (for a
contradiction) that there is a set of vertices X, such that every colour induces a graph
with a perfect matching on X. Let |X| = ` and let M be a perfect matching in the
graph G3[X]. If xx
′ ∈ M and y ∈ V \ {x, x′}, then e1(y, {x, x′}) + e2(y, {x, x′}) ≤ 2
(otherwise there would be a rainbow triangle). Summing this over all edges of M
and y ∈ V \X gives us e1(X, V \X) + e2(X, V \X) ≤ `(n− `).
If uu′, vv′ ∈ M and uv ∈ E1 ∩ E2, then uv′, vu′ 6∈ E1 ∪ E2. This implies that on
average, an edge in E(X) \M contributes at most 1 to e1(X) + e2(X); obviously an
edge of M contributes at most 2. Hence e1(X) + e2(X) ≤ `2 +
(
`
2
)
= `
2
2
. Therefore
|E(G1 −X)|+ |E(G2 −X)| ≥ |E(G1)|+ |E(G2)| − `(n− `)− `22
≥ 1+τ2
2
n2 + 3
2
n− `n+ `2
2
≥ 1+τ2
2
(n− `)2 + 3
2
(n− `).
It follows from the same argument applied to the other two pairs of colours that the
graphs G1 −X, G2 −X, and G3 −X form a smaller counterexample, contradicting
minimality.
Observation 2.5. Let G1, G2, G3 be a counterexample to Lemma 2.3 for which n is
minimum and suppose that disjoint sets X,X ′ ⊆ V satisfy |X| = |X ′| = 2. Suppose
also that n ≥ 5. If e(X) = e(X ′) = 2 and {i, j, k} = {1, 2, 3} then we have:
1. If ei(X) = ej(X) = ei(X
′) = ej(X ′) = 1, one of the following holds (see
Figure 2):
(a) ek(X,X
′) = 0, or
(b) ek(X,X
′) = 1 and ei(X,X ′), ej(X,X ′) ≤ 2, or
(c) ek(X,X
′) = 2 and ei(X,X ′) = ej(X,X ′) = 0.
2. If ei(X) = ej(X) = ei(X
′) = ek(X ′) = 1, one of the following holds (see
Figure 3):
7
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(a)
<latexit sha1_ba se64="GEhq8es6JSQeyNjLHWzV0VEV jHA=">AAAB5nicbZDNTsJAFIVv8Q/xD 3XpZiKY4Ia0bHBJ4sYlJhZIoCHT4ZZ OmP5kZmpCGl5BV0bd+UC+gG/jgF0oeF bf3HMmuef6qeBK2/aXVdra3tndK+9X Dg6Pjk+qp2c9lWSSocsSkciBTxUKHqO ruRY4SCXSyBfY92e3S7//iFLxJH7Q8x S9iE5jHnBGtRm59Qa9ro+rNbtpr0Q2 wSmgBoW64+rnaJKwLMJYM0GVGjp2qr2 cSs2ZwEVllClMKZvRKQ4NxjRC5eWrZ RfkKkgk0SGS1ft3NqeRUvPIN5mI6lCt e8vhf94w08GNl/M4zTTGzESMF2SC6I QsO5MJl8i0mBugTHKzJWEhlZRpc5mKq e+sl92EXqvpGL5v1TqN4hBluIBLaIA DbejAHXTBBQYcnuEN3q3QerJerNefaM kq/pzDH1kf3ypaix8=</latexit><latexit sha1_ba se64="GEhq8es6JSQeyNjLHWzV0VEV jHA=">AAAB5nicbZDNTsJAFIVv8Q/xD 3XpZiKY4Ia0bHBJ4sYlJhZIoCHT4ZZ OmP5kZmpCGl5BV0bd+UC+gG/jgF0oeF bf3HMmuef6qeBK2/aXVdra3tndK+9X Dg6Pjk+qp2c9lWSSocsSkciBTxUKHqO ruRY4SCXSyBfY92e3S7//iFLxJH7Q8x S9iE5jHnBGtRm59Qa9ro+rNbtpr0Q2 wSmgBoW64+rnaJKwLMJYM0GVGjp2qr2 cSs2ZwEVllClMKZvRKQ4NxjRC5eWrZ RfkKkgk0SGS1ft3NqeRUvPIN5mI6lCt e8vhf94w08GNl/M4zTTGzESMF2SC6I QsO5MJl8i0mBugTHKzJWEhlZRpc5mKq e+sl92EXqvpGL5v1TqN4hBluIBLaIA DbejAHXTBBQYcnuEN3q3QerJerNefaM kq/pzDH1kf3ypaix8=</latexit><latexit sha1_ba se64="GEhq8es6JSQeyNjLHWzV0VEV jHA=">AAAB5nicbZDNTsJAFIVv8Q/xD 3XpZiKY4Ia0bHBJ4sYlJhZIoCHT4ZZ OmP5kZmpCGl5BV0bd+UC+gG/jgF0oeF bf3HMmuef6qeBK2/aXVdra3tndK+9X Dg6Pjk+qp2c9lWSSocsSkciBTxUKHqO ruRY4SCXSyBfY92e3S7//iFLxJH7Q8x S9iE5jHnBGtRm59Qa9ro+rNbtpr0Q2 wSmgBoW64+rnaJKwLMJYM0GVGjp2qr2 cSs2ZwEVllClMKZvRKQ4NxjRC5eWrZ RfkKkgk0SGS1ft3NqeRUvPIN5mI6lCt e8vhf94w08GNl/M4zTTGzESMF2SC6I QsO5MJl8i0mBugTHKzJWEhlZRpc5mKq e+sl92EXqvpGL5v1TqN4hBluIBLaIA DbejAHXTBBQYcnuEN3q3QerJerNefaM kq/pzDH1kf3ypaix8=</latexit><latexit sha1_ba se64="GEhq8es6JSQeyNjLHWzV0VEV jHA=">AAAB5nicbZDNTsJAFIVv8Q/xD 3XpZiKY4Ia0bHBJ4sYlJhZIoCHT4ZZ OmP5kZmpCGl5BV0bd+UC+gG/jgF0oeF bf3HMmuef6qeBK2/aXVdra3tndK+9X Dg6Pjk+qp2c9lWSSocsSkciBTxUKHqO ruRY4SCXSyBfY92e3S7//iFLxJH7Q8x S9iE5jHnBGtRm59Qa9ro+rNbtpr0Q2 wSmgBoW64+rnaJKwLMJYM0GVGjp2qr2 cSs2ZwEVllClMKZvRKQ4NxjRC5eWrZ RfkKkgk0SGS1ft3NqeRUvPIN5mI6lCt e8vhf94w08GNl/M4zTTGzESMF2SC6I QsO5MJl8i0mBugTHKzJWEhlZRpc5mKq e+sl92EXqvpGL5v1TqN4hBluIBLaIA DbejAHXTBBQYcnuEN3q3QerJerNefaM kq/pzDH1kf3ypaix8=</latexit>
X
<latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit><latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit><latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit><latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit>
X 0
<latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit><latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit><latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit><latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit>
X
<latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit><latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit><latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit><latexit sha1_base64="Fa03SCh4X UVzxcGrAjcWxsGEUTY=">AAAB5HicbZDLTgJBEEVrfCK+UJduOoIJKzLDRpck blxilEcCE9LT1ECHnke6a0wI4Q90ZdSdX+QP+Dc2OAsF7+p03dtJ3QpSJQ257 pezsbm1vbNb2CvuHxweHZdOTtsmybTAlkhUorsBN6hkjC2SpLCbauRRoLATTG 4WfucRtZFJ/EDTFP2Ij2IZSsHJju4r3cqgVHZr7lJsHbwcypCrOSh99oeJyCK MSShuTM9zU/JnXJMUCufFfmYw5WLCR9izGPMIjT9brjpnl2GiGY2RLd+/szMe GTONApuJOI3NqrcY/uf1Mgqv/ZmM04wwFjZivTBTjBK2aMyGUqMgNbXAhZZ2Sy bGXHNB9i5FW99bLbsO7XrNs3xXLzeq+SEKcA4XUAUPrqABt9CEFggYwTO8wbs TOk/Oi/P6E91w8j9n8EfOxzdY5oqx</latexit>
X 0
<latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit><latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit><latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit><latexit sha1_base64="P2P9LdU6P h/fy1BHTXA1WQkvYi8=">AAAB5XicbZDLTsJAFIZP8YZ4Q126mQhGVqRlg0sS Ny4xkUsCDZkOp3TC9JKZqQlpeARdGXXnC/kCvo1T7ELBf/XN+f9Jzn+8RHClb fvLKm1t7+zulfcrB4dHxyfV07O+ilPJsMdiEcuhRxUKHmFPcy1wmEikoSdw4M 1vc3/wiFLxOHrQiwTdkM4i7nNGdT6qD6/rk2rNbtorkU1wCqhBoe6k+jmexiw NMdJMUKVGjp1oN6NScyZwWRmnChPK5nSGI4MRDVG52WrXJbnyY0l0gGT1/p3N aKjUIvRMJqQ6UOtePvzPG6Xav3EzHiWpxoiZiPH8VBAdk7wymXKJTIuFAcokN1 sSFlBJmTaHqZj6znrZTei3mo7h+1at0ygOUYYLuIQGONCGDtxBF3rAIIBneIN 3a2Y9WS/W60+0ZBV/zuGPrI9vuJ2K4g==</latexit>
(b)
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Figure 2: The three situations described in the first instance
of Observation 2.5. Colors i, j and k are depicted by green, red
and blue respectively. If an edge is not depicted it means that
the edge is not present, if it is dashed it indicates that it may
be present.
(a) e(X,X ′) ≤ 4, or
(b) e(X,X ′) = 5 where ei(X,X ′) = 3 and ej(X,X ′) = ek(X,X ′) = 1.
Proof. The first part follows from the observation that the graph induced on X ∪X ′
cannot have two nonadjacent edges of colour k (otherwise Lemma 2.4 would be
violated) and a straightforward case analysis (leaning on the assumption that there
is no rainbow triangle).
To show the second part, recall that Lemma 2.4 implies there is no pair of vertices
adjacent in all three colors. We make a similar case analysis, obtaining that the only
configuration with e(X,X ′) = 5 is the one depicted in Figure 3 (b).
Proof of Lemma 2.3. Suppose (for a contradiction) that Lemma 2.3 is false, and
choose a counterexample G1, G2, G3 with common vertex set V so that n = |V | is
minimum. It follows that n > 5 (otherwise the given bound for the number of edges
is greater than 2
(
n
2
)
). Recall that by Lemma 2.4 there does not exist a pair of vertices
adjacent in all three graphs G1, G2, G3. Say that a set X ⊆ V with |X| = 2 is a digon
if e(X) = 2. Now, choose a maximum size collection M of pairwise disjoint digons.
For 1 ≤ i < j ≤ 3 define Mi,j to be the subset of M consisting of those digons X so
that ei(X) = ej(X) = 1. For every 1 ≤ i < j ≤ 3 let Xi,j be the union of the digons
in Mi,j and let D = V \ (X1,2 ∪X1,3 ∪X2,3).
Claim 1. The set D satisfies the following.
1. If x, x′ ∈ D then e(x, x′) ≤ 1.
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Figure 3: The two situations described in the second instance
of Observation 2.5. Colors i, j and k are depicted by green, red
and blue respectively. If an edge is not depicted it means that
the edge is not present, if it is dashed (gray) it indicates that
it may be present in any color (as soon as no rainbow triangle
appears).
2. If X ∈ Mi,j and y ∈ D satisfy e(X, y) ≥ 3, then ek(X, y) = 0 (with {i, j, k} =
{1, 2, 3}).
3. For every X ∈M there is at most one vertex y ∈ D for which e(X, y) = 4.
Proof of Claim 1. The first part follows from the maximality of M . For the second
part, if X = {x, x′} and, say, xy ∈ Ek then x′y /∈ Ei ∪ Ej, thus e(X, y) ≤ 2. For
the last part, assume again X = {x, x′} ∈Mi,j. For contradiction, suppose there are
distinct y, y′ ∈ D such that e(X, y) = e(X, y′) = 4. By the second part of Claim 1,
this is possible only if all edges between X and {y, y′} are in Ei ∩ Ej. Then the
digon X can be replaced in M by the two edges {x, y}, {x′, y′}, contradicting the
maximality of M .
In order to simplify calculations we next replace the graphs Gi by graphs having
simpler structure. First off, for every X ∈M , if there exists y ∈ D with e(X, y) = 4,
then delete one edge between X and y. (Note that by the above claim this removes
at most n
2
edges in total.) Next suppose that {i, j, k} = {1, 2, 3} and X,X ′ ∈ Mi,j
satisfy ek(X,X
′) > 0. In this case we delete all edges between X and X ′ (in all three
graphs) and then add back three edges between X and X ′ in Gi and three such edges
in Gj. Note that in this case the first part of Observation 2.5 implies that the sum
of the edge-count for any two of the graphs does not decrease. Let G′1, G
′
2, G
′
3 be the
graphs resulting from applying these operations whenever possible. By the above,
min
1≤i<j≤3
|E(G′i)|+ |E(G′j)| ≥ 1+τ
2
2
n2 + n.
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Note that the sets M , Mi,j, Xi,j and D do not change by going to G
′
1, G
′
2, G
′
3. The
graphs G′1, G
′
2, G
′
3 may have a rainbow triangle. However, each such triangle involves
an edge between two digons X, X ′ in the same set Mi,j for which eG′i(X,X
′) =
eG′j(X,X
′) = 3.
Before making our next modification, we pause to construct an auxiliary graph.
For every 1 ≤ i ≤ 3 let {i, j, k} = {1, 2, 3} and construct a simple graph H with
vertex set Mi,j ∪Mi,k by the following rules:
• If X,X ′ ∈ Mi,j are distinct, we add an edge between them if ej(X,X ′) ≤ 3.
We do the same with k in place of j.
• If X ∈Mi,j and X ′ ∈Mi,k, we add an edge between them if e(X,X ′) = 5.
Claim 2. The graph H satisfies the hypothesis of Lemma 2.2 with Z0 = Mi,j
and Z1 = Mi,k.
Proof of Claim 2. For the sake of contradiction assume that there are digons X,X ′ ∈
Mi,k and Y ∈ Mi,j such that both Y X and Y X ′ are edges of H, but XX ′ is not. It
follows that eG′k(X,X
′) = 4, so the edges between X and X ′ have not been modified
when constructing graphs G′1, G
′
2, G
′
3. Moreover, as eG′(X, Y ) = eG′(X
′, Y ) = 5,
the second part of Observation 2.5 describes precisely the structure of edges between
X ∪X ′ and Y , and we find a rainbow triangle (not only in G′, but also in G).
By Lemma 2.2 we have eH(Z0) + eH(Z1) ≥ eH(Z0, Z1)− (|Mi,j|+ |Mi,k|)/2. Note
that by the definition of H, eH(Z0) is at most the number of missing edges of colour
j in Xi,j, and eH(Z1) is at most the number of missing edges of colour k in Xi,k.
Also, eH(Z0, Z1) is the number of pairs (X,X
′) where X ∈ Mi,j and X ′ ∈ Mi,k that
satisfy e(X,X ′) = 5.
Based on this observation, we now construct a new triple of graphs. For every
X ∈ Mi,j and X ′ ∈ Mi,k with j 6= k we modify the graph between X and X ′ as
follows: If e(X,X ′) = 5 (so, by Lemma 2.2, ei(X,X ′) = 3 and ej(X,X ′) = 1 =
ek(X,X
′)) then delete the edges between X and X ′ of colours j and k and then
add back one new edge of colour j or k (to be chosen later) so that the new edge is
not parallel to any existing edge. Otherwise, if e(X,X ′) ≤ 4 we rearrange the edges
between X and X ′ so that every x ∈ X and x′ ∈ X ′ satisfy e(x, x′) ≤ 1. We do this
operation for all i = 1, 2, 3 (and corresponding j, k). Finally, for every 1 ≤ i < j ≤ 3
we make Xi,j a clique for both colour i and colour j. It follows from Lemma 2.2 and
the above discussion that we can choose the colours of the edges we add back so as
to arrange that each colour class of edges decreases in size by at most n
2
. So, if we
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let G′′1, G
′′
2, G
′′
3 be the graphs resulting from our operation, we have:
min
1≤i<j≤3
|E(G′′i )|+ |E(G′′j )| > 1+τ
2
2
n2.
To complete the proof, we will now show that the above density condition is
incompatible with the structure of the graphs G′′i . Let G
′′ =
⋃
i≤3G
′′
i . Below we
use the notation e(S), e(S, S ′), ei(S) for the parameters in the graph G′′. The
construction of the graphs G′′i implies:
Claim 3. 1. The subgraph of G′′ induced on Xi,j is complete in colours i and j
and empty in the remaining colour.
2. If x ∈ Xi,j and x′ ∈ Xi,k where j 6= k, then e(x, x′) ≤ 1.
3. If x, x′ ∈ D, then e(x, x′) ≤ 1.
4. If X ∈ Mi,j and y ∈ D then e(X, y) ≤ 3 and if e(X, y) = 3, then all edges
between X and y have colour i or colour j.
Let a, b, c, d be such that an = |X1,2|, bn = |X1,3|, cn = |X2,3|, and dn = |D|. We
shall assume (without loss) that a ≥ b ≥ c, and we note that a+ b+ c+d = 1. Next,
we will apply our density bounds to get some inequalities relating a, b, c, and d. For
the purposes of these calculations, it is convenient to introduce a density function.
For any graph H we define d(H) =
2|E(H)|
|V (H)|2 . Note that with this terminology we have
min
1≤i<j≤3 d
(G′′i ) + d(G
′′
j ) > 1 + τ
2.
First we consider just colours 2 and 3. Note that if x, y ∈ V are adjacent in
both G′′2 and G
′′
3, then either x, y ∈ X2,3 or one of these vertices is in X2,3 and
the other is in D. Furthermore, in this last case, if say y ∈ D and x ∈ X2,3
has X = {x, x′} ∈ M2,3, then e2(X, y) + e3(X, y) ≤ 3. It follows from this that
|E(G′′2)|+ |E(G′′3)| ≤
(
n
2
)
+
(
cn
2
)
+ 1
2
cdn2 ≤ n2
2
+c2 n
2
2
+cdn
2
2
. Multiplying this equation
through by 2
n2
then gives the useful bound
c2 + cd ≥ d(G′′2) + d(G′′3)− 1 ≥ τ 2. (1)
Similarly, 2|E(G′′1)|+2|E(G′′2)|+3|E(G′′3)|−3
(
n
2
) ≤ (an
2
)
+2
(
bn
2
)
+2
(
cn
2
)
+bdn2 +cdn2,
giving us the bound
a2 + 2b2 + 2c2 + 2bd+ 2cd ≥ 2 d(G′′1) + 2 d(G′′2) + 3 d(G′′3)− 3 ≥ 12 + 72τ 2 (2)
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Finally, |E(G′′1)| + |E(G′′2)| + |E(G′′3)| −
(
n
2
) ≤ (an
2
)
+
(
bn
2
)
+
(
cn
2
)
+ 1
2
(a + b + c)dn2
gives us the inequality (strict one, as τ 2 is irrational)
a2 + b2 + c2 + d(a+ b+ c) > 1
2
+ 3
2
τ 2. (3)
We claim that there do not exist nonnegative real numbers a, b, c, d with a ≥ b ≥ c
and a+ b+ c+ d = 1 satisfying the inequalities (1), (2), and (3). To prove this, first
note that inequality (1) (and the quadratic formula) imply
c ≥ −d+
√
d2 + 4τ 2
2
. (4)
Now b ≥ c and inequality (4) imply b + c + d ≥ √d2 + 4τ 2. This gives us the
following useful upper bound on a
a ≤ 1−
√
d2 + 4τ 2 ≤ 1− 2τ. (5)
To get a lower bound on a, observe that a ≥ b ≥ c and inequality (3) give us
1
2
+ 3
2
τ 2 < a2 + b2 + c2 + d(1 − d) ≤ 3a2 + 1
4
. It follows that a ≥
√
1
12
+ 1
2
τ 2 ≥ 2τ .
Combining this lower bound on a with the upper bound (5) gives the following useful
inequality
a2 + (1− a)2 ≤ 1− 4τ + 8τ 2.
The above bound together with (2) implies
1
2
+ 7
2
τ 2 ≤ a2 + (1− a)2 + b2 + c2 − 2bc− d2 ≤ 1− 4τ + 8τ 2 + (b− c)2 − d2.
However, τ satisfies the equation 1
2
+ 7
2
τ 2 = 1 − 4τ + 8τ 2 so the above simplifies to
give
b− c ≥ d. (6)
Note that since b ≥ d we have 1 ≥ a+ b+ d ≥ 3d and thus d ≤ 1
3
. At this point we
have c ≥ −d+
√
d2+4τ2
2
and b ≥ d+
√
d2+4τ2
2
and we will show that this contradicts (3).
To see this, note that under the assumption a ≥ b ≥ c and a + b + c = 1 − d the
quantity a2 + b2 + c2 is maximized when b and c are as small as possible and a is as
large as possible. Thus
1
2
+ 3
2
τ 2 < a2 + b2 + c2 + d(1− d)
≤ (1− d−
√
d2 + 4τ 2)2 +
(d+
√
d2+4τ2)
2
4
+
(−d+
√
d2+4τ2)
2
4
+ d(1− d)
= 1 + 2d2 − d+ 6τ 2 − 2(1− d)
√
d2 + 4τ 2
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Using the identity 1
2
+ 9
2
τ 2 = 4τ and rearranging gives us
2(1− d)
√
d2 + 4τ 2 < 4τ + 2d2 − d. (7)
The above equation immediately implies d > 0. From here a straightforward calcu-
lation gives the contradiction d >
1−2τ2+
√
(1−2τ2)2+16(1−23τ2)
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> 1
3
. (To check this by
hand, square both sides of (7) and observe that the left and right sides are degree 4
polynomials in d with matching highest order terms and matching constants; cancel
these terms, divide by d and apply the quadratic formula.)
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